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Abstract
In this work we solve the 19-vertex models with the use of algebraic
Bethe ansatz for diagonal reflection matrices (Sklyanin K-matrices). The
eigenvectors, eigenvalues and Bethe equations are given in a general form.
Quantum spin chains of spin one derived from the 19-vertex models were also
discussed.

PACS numbers: 05.20.—y, 05.50.+q, 04.20.Jb

1. Introduction

Classical statistical systems in two spatial dimensions on a lattice (vertex models) and
one-dimensional quantum spin chain Hamiltonians share a common mathematical structure
responsible for our understanding of these integrable models [1-3]. If the Boltzmann weights
underlying the vertex models are obtained from solutions of the Yang—Baxter (YB) equation
the commutativity of the associated transfer matrices immediately follows, leading to their
integrability.

The diagonalizations of these models can be made with the use of the Bethe ansatz (BA).
It is a powerful method in the analysis of integrable quantum models. There are several
versions: coordinate BA [4], algebraic BA [5], analytical BA [6], etc.

The algebraic BA, also known as the quantum inverse scattering method, is based on the
idea of constructing eigenfunctions of the Hamiltonian via creation and annihilation operators
acting on a reference state. Here one uses the fact that the YB equation can be recast in
the form of commutation relations for the matrix elements of the monodromy matrix which
play the role of creation and annihilation operators. From this monodromy matrix we get the
transfer matrix which commutes with the Hamiltonian.

Imposing appropriate boundary conditions the BA method leads to a system of equations,
the Bethe equations, which are useful in the thermodynamic limit. The energy of the ground
state and its excitations, velocity of sound, etc, may be calculated in this limit. Moreover,
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in recent years we witnessed another very fruitful connection between the BA method and
conformal field theory. Using the algebraic BA, Korepin [7] found various representations
of correlators in integrable models and more recently Babujian and Flume [8] developed a
method from the algebraic BA which reveals a link to the Gaudin model, rendering solutions
of the Knizhnik—Zamolodchikov equations for the SU(2) Wess—Zumino—Novikov—Witten
conformal theory in the quasi-classical limit.

Integrable quantum systems containing Fermi fields have been attracting increasing
interest due to their potential applications in condensed matter physics. The prototypical
examples of such systems are the supersymmetric generalizations of the Hubbard and —J
models [9]. They lead to a generalization of the YB equation associated with the introduction
of a Z, grading [10] which leads to the appearance of additional signs in the YB equation.

When considering systems on a finite interval with independent boundary conditions at
each end, we have to introduce reflection matrices to describe such boundary conditions.
Integrable models with boundaries can be constructed out of a pair of reflection K-matrices
K*(u) in addition to the solution of the YB equation. Here K~ (u) and K*(u) describe the
effects of the presence of boundaries at the left and right ends, respectively.

Integrability of open chains in the framework of the quantum inverse scattering method
was pioneered by Sklyanin relying on previous results of Cherednik [11]. In [12], Sklyanin
used his formalism to solve, via algebraic BA, the open spin-1/2 chain with diagonal boundary
terms. This model was already solved via coordinate BA by Alcaraz et al [13]. The Sklyanin
original formalism was extended to more general systems by Mezincescu and Nepomechie in
[14]. Doikou in [43] using the fusion technique and the analytical Bethe ansatz computed the
K-matrix and solved the Axll-spin chain models. More recently in [44] the classification of
the rational K-matrices was extended for the series so(m), sp(n) and osp(m|n) models.

In this paper we consider the algebraic version of the BA for the three-state vertex models
with a class of boundary terms derived from diagonal reflection K-matrices. These models are
well known in the literature: the Zamolodchikov—Fateev (ZF) model or Agl) model [15], the
Izergin—Korepin (IK) model or A;z) model [16] and two Z,-graded models, named the s/(2|1)
model and the osp(1|2) model [17].

In [27], Fan used the algebraic Bethe ansatz to study the IK model with a specific K (u)-
diagonal reflection matrix. The main goal in this paper is to generalize the work of Fan to all
19-vertex models and for diagonal reflection matrices.

We introduce the algebraic tools in section 2 where we define the models to be studied
and the diagonal reflection matrices related to them. In section 3, we apply the algebraic BA
method with periodic boundary condition to all models present in section 2. Many identities
and relations that appear in the case of a periodic boundary condition will be useful in the next
step. In section 4, we study the case with reflection conditions and the energy spectra and the
corresponding Bethe equations are presented in a general form. In section 5 we studied some
models derived from the 19-vertex models. These spin-1 quantum chains were classified by
Idzumi et al in [32]. The conclusions are in section 6. In appendix A we discuss the model IK
with the R(u) presented in the original paper of Fan [27] and show that the results present in
[27] are reproduced as a special case for our formulation.

2. 19-vertex models and reflection matrices
Before we begin to study the algebraic Bethe ansatz with reflection condition, we will need

to define the algebraic structure for the models that will be studied. In this section, we will
briefly discuss these models and give the reflection matrices for them. A detailed discussion
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about the trigonometric reflection matrices for all 19-vertex models can be found in [30] (see
also [44] for the classification of the rational K-matrices for osp(m|n) models).

To determine an integrable vertex model on a lattice it is first necessary that the bulk
vertex weights be specified by an R-matrix R(u), where u is the spectral parameter. It acts
on the tensor product V! ® V? for a given vector space V and satisfies a special system of
functional equations, the YB equation

Ri2()Ri3(u + v)Rp3(v) = Roz(v)Riz(u + v)Ri2(u) (D

nV'@ V2o V3, where Rp =R ®1,Rys =1Q® R, etc.

An R matrix is said to be regular if it satisfies the property R(0) = P, where P is the
permutation matrix in V! ® V2: P(la) ® |8)) = |B) ® |a) for |a), |8) € V. In addition, we
will require [14] that R(u) satisfies the following properties

regularity © R1(0) = F(0)/2P),
unitarity D R@RY (—u) = f () 2)
PT-symmetry : PoRip(u) P =Ry ()

crossing-symmetry : Rix(u) = UlRtfz(—u — ,O)Uf1

where (1) = x;(u)x;(—u), t; denotes transposition in the space i , p is the crossing parameter
and U determines the crossing matrix

M=UU=M". 3)
Note that unitarity and crossing-symmetry together imply the useful relation
MR, (—u = p)My ' Riy(u = p) = f (). @)

The boundary weights then follow from K-matrices which satisfy boundary versions of
the YB equation [12, 14]: the reflection equation

Rix(u — v)Kl_(u)RtI‘ZIZ(u +V)K;, (v) = K; ()R + v)Kl_(u)Rt]‘if2 (u —v) 5)
and the dual reflection equation
Riz(—u+v)(K})" @M R (—u — v — 2p)M; (K3)" (v)
= (K3)" WM Ria(—u — v —20)M; " (K7)" @)R3 (—u +v). (6)
In this case there is an isomorphism between K~ and K™:
K ()= K"w) =K (—u—p)'M. 7
Therefore, given a solution to the reflection equation (5) we can also find a solution to the dual
reflection equation (6).
In the framework of the quantum inverse scattering method, we define the Lax operator
from the R-matrix as L,q(u) = Raq(u), where the subscript ‘a’ represents auxiliary space,

and ‘q’ represents quantum space. The row-to-row monodromy matrix 7 («) is defined as a
matrix product over the N operators on all sites of the lattice,

T(u) = Lan@)Lan-1(u) - - La1(ut). ®)

The main result is the following: if the boundary equations are satisfied, then the Sklyanin
transfer matrix

t(u) = Try(K* )T @)K~ )T~ (—u)) (€))
forms a commuting family

[t(u),t(v)] =0 Yu, v. (10)
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The commutativity of #(u) can be proved by using the unitarity and crossing-unitarity
relations, the reflection equation and the dual reflection equation. It implies integrability of
an open quantum spin chain whose Hamiltonian (with K ~(0) = 1) can be obtained as

N-1 _
1 dK| (u) tro K5 (0)Hy o
H= Hp+5 — o (1)
P 2 du |, tr K*(0)
and whose two-site terms are given by
Hy k1 = —— Pijent R gt (1) (12)
du u=0

in the standard fashion.

Here we will extend our discussions to include the Z,-graded vertex models. Therefore,
let us describe some useful information about the graded formulation.

Let V = V) @ V) be a Z,-graded vector space where 0 and 1 denote the even and odd

parts, respectively. Multiplication rules in the graded tensor product space V é) V differ from
the ordinary ones by the appearance of additional signs. The components of a linear operator

A é BeV é) V result in matrix elements of the form

(A® B)ZZ — (_)P(ﬂ)(p(a)ﬂ’(y))AayBﬁa. (13)

The action of the graded permutation operator P on the vector |«) é) |B) eV é) V is defined
by

S s
Pla) ® 1) = ()" P1B) ® o) = (Pl = ()P Ps585,.  (14)
The graded transposition ‘st’ and the graded trace ‘str’ are defined by

(A%)p = (—)P@DPB) 4 StrA = " (=)"“ Agq (15)

where p(a) = 1(0) if |o) is an odd (even) element.

For the graded case the YB equation and the reflection equation remain the same as above.
We only need to change the usual tensor product to the graded tensor product.

In general, the dual reflection equation which depends on the unitarity and cross-unitarity
relations of the R-matrix takes different forms for different models. For the models considered
in this paper, we write the graded dual reflection equation in the following form [18]:

sty

@)
MR Cuky) 16)

sty

R (—u+ ) (K @M R (—u — v — 2p) M, (K3)
= (K3)" MRS (—u — v —2p)M; ' (K7)
and will choose a common parity assignment: p(l) = p(3) = 0 and p(2) = 1, the BFB
grading.
Now, using the relations
R w) = I Ry ()] Ry () = LR and IK* )l = K*(u)
(17)

with I = diag(1, —1, 1) and the property [M| M>, R(u)] = 0 we can see that the isomorphism
(7) holds with the BFB grading.
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The three-state vertex models that we will consider are the Zamolodchikov—Fateev (ZF)
model, the Izergin—Korepin (IK) model, the s/(2|1) model and the osp(1]2) model. Their
R-matrices have a common form

X1
X2 X5
X3 X6 X7
ys X2
Ru) = Y6 X4 X6 (18)
X2 X5
Y1 Y6 X3
Vs X2
X1

satisfying properties (1)—(4) together with their graded version.

2.1. The Zamolodchikov—Fateev model

The simplest three-state vertex model is the ZF 19-vertex [15] or the Ail) model the spin-1
representation [20] and can be constructed from the six-vertex model using the fusion
procedure. The R-matrix which satisfies the YB equation (1) has the form (18) with

x1(u) = sinh(u + n) sinh(u + 2n)
x3(u) = sinhu sinh(u — n)

y5(u) = x5(u) = sinh(u + 1) sinh 2n
y7(u) = x7(u) = sinh 5 sinh 27.

X2 (u) = sinh u sinh(u + 1)

X4(u) = sinh u sinh(u + 1) + sinh n sinh 27 (19)
v6(u) = x¢(u) = sinh u sinh 2y

This R-matrix is regular and unitary, with f(u) = x;(u)x;(—u), P- and T-symmetric and
crossing-symmetric with M = 1 and p = 5. The most general diagonal solution for K~ (u)
has been obtained in [19] and is given by

ki (u)
K~ (u, B11) = 1 (20)
k33 (u)
with
inh u + 2 cosh inh(u +n) — 2 cosh(u +
ko) = — B s.m u coshu kiy) = — B s.m (u+n) cosh(u + 1) 21
Bi11sinhu — 2 coshu Bi1 sinh(u — 1) + 2 cosh(u — n)
where f1; is the free parameter. By automorphism (7 ) the solution for K*(u) follows
K@)
K*(u,a;1) =K (—u—p,ay) = 1 (22)
k3 (u)
with
K () oy sinh(u + 1) — 2 cosh(u +n)
u) = —
1 aq1 sinh(u + ) + 2 cosh(u + 1)
. (23)
. oqq sinhu + 2 cosh u
k33 (u) =

oy sinh(u + 2n) — 2 cosh(u + 2n)
where « is another free parameter.
For a particular choice of boundary terms, the ZF spin chain has the quantum group
symmetry, i.e. if we choose & — oo (811 = 2cothé_ and «y; = 2coth&,), then the spin
chain Hamiltonian (19) has U, (su(2))-invariance [19].
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2.2. The Izergin—Korepin model

The solution of the YB equation corresponding to Aéz) in the fundamental representation was
found by Izergin and Korepin [16]. The R-matrix has the form (18) with non-zero entries
x1(u) = sinh(u — 51) + sinh n X7 (1) = sinh(u — 3n) + sinh 3

x3(u) = sinh(u — n) + sinh n Xx4(u) = sinh(u — 3n) — sinh 5y + sinh 35 + sinh n

xs(u) = —2e“/? sinh 27 cosh (g — 37]) ys(u) = —2e“/? sinh 21 cosh (% — 3;7)
(24)
x6(u) = 2e7/>*21 sinh 27 sinh (g) ye(u) = —2e*/>~21 sinh 27 sinh (g)

x7(u) = —2e7“**" sinh 5y sinh 2 — e " sinh 47

y7(u) = 2“7 sinh 7 sinh 217 — e” sinh 41.

This R-matrix is regular and unitary, with f(u) = x;(u)x;(—u). It is PT-symmetric and
crossing-symmetric, with p = —6n — ir and

M= 1 . (25)
—2n

Diagonal solutions for K ~(u) have been obtained in [22]. It turns out that there are three
solutions without free parameters, being K~ (u) = 1, K~ (u) = F*and K~ (1) = F~, with
e U f(:l:) (u)
F* = 1 (26)
e O w)

where we have defined
FE ) = cosh(u/2 —3n) £ 1 s?nh(u/Z)'
cosh(u/2 — 3n) Fisinh(u/2)
By automorphism (7), three solutions K*(u) follow as K*(u) = M, K*(u) = G* and
K*(u) = G—, with

27

eu—4ng(i) (14)
G* = 1 (28)
e—u+4r]g(i) (Lt)

where we have defined
® (1) cosh(u/2 — 3n) £ isinh(u/2)

u) = .
§ cosh(u/2 — 31) T isinh(u/2 — 67)

Finally, we note that it is interesting to reformulate the Boltzmann weights of the IK
model by the following transformation:

(29)

1 b4
R, n) — R, ) = 3R (20, —n—i7) (30)
i

This R’ matrix differs from that given in [26] by a gauge transformation. It is regular
and unitary, with f’(u) = xj(u)x|(—u), PT-symmetric and crossing-unitarity with M’ =
diag(—e =27, 1, —e?") and p’ = 3n. After the gauge transformation R/,(u) = Vi R}, (u) V™"
with V = diag(e™, 1, "), we can see that M" = diag(—e*’, 1, —e™*") and p” = p’. In this
case the solution (F*, G*) can be written as

),e“") . (3D

inh(u — 2 inh 9
Slnh(u + 577) Slnh(u N 5’7)
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This solution was used by Fan in [27] to find the spectrum of the corresponding transfer matrix
using the algebraic BA for one- and two-particle excited states.

2.3. The sl(2|1) model

The solution of the graded YB equation corresponding to s/(2]1) in the fundamental
representation has the form (18) with non-zero entries [17, 28]:

x1(u) = cosh(u + n) sinh(u + 2n) x5 (1) = sinhu cosh(u + n)

x3(u) = sinhu cosh(u — n) x4(u) = sinhu cosh(u + n) — sinh 25 cosh n 32)
v5(u) = x5(u) = sinh 25 cosh(u + n) v6(u) = x¢(u) = sinh 27 sinh u

y7(u) = x7(u) = sinh 27 cosh 7.
This R-matrix is regular and unitary, with f(u) = x;(u)x;(—u), P- and T-symmetric and
crossing-symmetric with M = 1 and p = 5. The graded version of the crossing-unitarity
relation (4) is satisfied with f'(u) = x; (u +i%)x (—u —i%).

2
The most general diagonal solution for K ~(«) has been presented in [29] and is given by

ki (u)
K~ (u, 1) = 1 (33)
ks (1)
with
Bi1 sinhu + 2 coshu Bi1 cosh(u +n) — 2sinh(u + n)

k3_3(u) = ﬂll COSh(u — )7) + 2 sinh(bt - 77) (34)

ki = —
1 Bi1 sinhu — 2 coshu

where 1, is the free parameter. Due to automorphism (7) the solution for K*(u) is given by
K‘(—u —p, %all), i.e.

ki, (u)
K*(u, p11) = 1 (35)
k33 (u)
where

K () = oq1 cosh(u + n) — 2sinh(u + n)
i a1y cosh(u + 1) + 2 sinh(u + 1) 36)
. oqp sinhu + 2 cosh u

k3y(u) = —

o1 sinh(u + 2n) — 2 cosh(u + 2n)

and o is another free parameter.

2.4. The osp(1|2) model

The trigonometric solution of the graded YB equation corresponding to osp(1]2) in the
fundamental representation has the form (18) with non-zero entries [17]:
x1(u) = sinh(u + 2n) sinh(u + 3n) X, (1) = sinhu sinh(u + 3n)

x3(u) = sinh u sinh(u + n) X4(u) = sinh u sinh(u + 31) — sinh 25 sinh 3
x5(u) = e " sinh 27 sinh(u + 37) ys(u) = €" sinh 2n sinh(u + 3n)

xe(u) = —e "7 sinh 297 sinh u y6(1) = """ sinh 27 sinh u 7
x7(u) = e " sinh 2n(sinh(u + 3n) + e~ " sinh u)

v7(u) = e" sinh 2n(sinh(u + 3n) + e’ sinh u).
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This R-matrix is regular and unitary, with f(u) = x;(u)x;(—u). It is PT-symmetric and
crossing-symmetric, with p = 375 and
e
M = 1 . (38)
e 21

Diagonal solutions for K~ (u) have been obtained in [30] and rational solutions were
obtained in [44]. It turns out that there are three solutions without free parameters, being
K (u)=1,K (u) = Ffand K~ (u) = F~, with

Fe 2 fO )
FE = 1 (39)
Fe £ (u)
where we have defined
FO ) = sinh(u +3n/2) FOu) = cosh(u +3n/2) (40)

sinh(u — 3n/2) cosh(u —3n/2)"
By the automorphism (7), three solutions K*(u) follow as K*(u) = M, K*(u) = G* and
K*(u) = G—, with
:F62u+4r]g(:t) (M)
G* = 1 (41)
Fe gl ()
where we have defined

sinh(u + 37n/2) cosh(u +3n/2)

# () — (y) = . 42
&7 = oG +99,2) &) = h(u +91,2) (42)
2.5. From non-graded to graded solutions
Besides the R-matrix we also have the R-matrix, which satisfies
Rip(u)Roz (1 + v) R12(v) = Roz(v) Ria(u + v) Ryz (u). (43)

Because only R, and Rj3 are involved, this equation written in components looks the same
as in the non-graded case. Moreover, the matrix R = P R satisfies the usual YB equation (1)
where P is the non-graded permutation matrix. When the graded permutation matrix P is
used, then R = PR satisfies the graded version of the YB equation.

Multiplying the R-matrix for 19-vertex models (18) by the diagonal matrix I1 = PP =
PP we will get graded R-matrices starting from non-graded R-matrices and vice versa. The
new R-matrix R’ = IR still has the form (18) but with the change of sign of the fifth row
due to the grading BFB. Now ¢ = —1 for non-graded models and € = 1 for graded models.

Let us use this interchange property with the YB solution of the IK model. First we recall
the transformation (30)

, 1 T
R'u,m) = 2R (2u,—n—15). (44)

The matrix Rk, (u#, n) = ITR’ is a solution of the graded version of the YB equation (1) and
the corresponding vertex model can be named as the graded version of the IK model.

Using the symmetries of the YB solutions for 19-vertex models: x,(u) — =£x,(u) and
x¢(u) — £x6(u) with ys(1) — Fye(u), we can see that this model has the same Boltzmann
weights as the osp(1]2) model, except for the presence of the factor &1 in x¢(#) and Fi in



Algebraic Bethe ansatz for 19-vertex models with reflection conditions 9433

ve(u). However, this identification is not so trivial due to the change in the signs of the fifth
row of R (BFB grading). Nevertheless, by direct computation we have verified that both
models have the same reflection K-matrices. It means that R; g, («, n) and the R(u, n) of the
osp(1]2) share the same symmetries.

This situation is also present in the graded version of the ZF model. In order to see that
we have to reformulate conveniently the Boltzmann weights of the ZF model by the following
transformation:

1
R, n) = R, ) = =R (.0 =i ) (45)
1
The graded version of the ZF model is defined by the following R-matrix:
Rzre(u,n) = IR (u, n). (46)

Using again the symmetries of the 19-vertex model we can see, up to a possible canonical
transformation: x¢ — x¢(u) = %ixe(u), the non-zero entries of Rz, (u, n) are identified with
the Boltzmann weights of the s/(2|1) model (32). We note that both models have the same
K-matrices and their coordinate Bethe ansatz yield a common spectrum.

It is possible to note that the inverse situation is also true. The non-graded versions of the
graded 19-vertex models are in correspondence with the 19-vertex models of Izergin—Korepin
and Zamolodchikov—Fateev.

In [31] Saleur and Wehefritz-Kaufmann studied the connection between Izergin—Korepin
and osp(1]2) models.

3. The algebraic Bethe ansatz with periodic boundary condition

We will first give a brief review of the algebraic Bethe ansatz for the 19-vertex models with
periodic boundary condition and in the following we will discuss the case with reflection
condition.
The graded quantum inverse scattering method is characterized by the monodromy matrix
T (u) satisfying the equation
R —)[Tw) ® T()] =[T®) @ Tw)]Ru —v) (47)
whose consistency is guaranteed by the graded version of the YB equation (43). T (u) is a
matrix in the space V (the auxiliary space) whose matrix elements are operators on the states
of the quantum system (the quantum space, which will also be the space V). The monodromy

operator 7 (u) is defined as an ordered product of local operators £, (Lax operator), on all
sites of the lattice:

T(u)=Ly@)Ly—1(u) - Ly(u). (48)
The Lax operator on the nth quantum space can be written in the form

xx 00 0 0 0 0 0 O
0 x» 0 xs 0 0 0 0 O
0 0 x3 0 x 0 x2 0 O @) ” .
o s 0 00 0 0 0 Lyy@) Ly L)
Li=0 0 > 0 x 0 x 0 0f= LYW @) LY@ LY@
5 0 v oo o We e e
0 0 0 0 0 y5 0 x» O
00 00 0 0 0 0 x

(49)
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Note that ng (), a, B = 1,2,3 are 3 x 3 matrices acting on the nth site of the lattice. It
means that the monodromy matrix has the form

Ai(u) Bi(u) By(u)
Tw)=|Ci(uw) Ax(m) Bs(u) (50
Co(u) Cs(u) As(u)

where
3

=Y LY Ll we @ L w (51)

i,j=123. (52)

The vector in the quantum space of the monodromy matrix 7 (#|z) that is annihilated by
the operators T;;(u),i > j (C;(u) operators, i = 1,2, 3) and is also an eigenvector for the
operators T;; (u) (A;(u) operators, i = 1, 2, 3) is called the highest vector of the monodromy
matrix 7 (u).

The transfer matrix t(u) of the corresponding integrable spin model is given by the
supertrace of the monodromy matrix in the space V,

3
T() =Y ()" OT;i() = Ay () + £Ar () + Az (u). (53)
i=1

We will define the local vacuum in a lattice of N sites as the even (bosonic) completely
unoccupied state in the form

1
)=, (0] . (54)
0

a

Using (51) we can compute the normalized action of the monodromy matrix entries on this
state as

A;()|0) = X;(u)|0) Ci(w)]0) =0 B;(u)|0) # {0, 10)}

L i) Y
X (u) =a]:[lx2(u) i=1,2,3.
Then we have the action of the transfer matrix in the local vacuum in the form
T()]0) = Ao()[0)
with the eigenvalues
Ao(u) = x7’ +exy +xi. (56)

The next step in the Bethe ansatz construction is to define the one-particle state. This
state can be written in the form

Vi (v) = Bi(v)0). (57)

To study the action of 7 (u) in this state we need to use some commutation relations (47),
because now we have the operators A; (1) acting in the form

)W (v) = Ar(u, v)¥(v)
= (A1 (u) + £As(u) + A3(u)) B1(v)]0). (58)
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The necessary commutation relations between the operators A; (u) By (v) are

xs(v —u)

—u)

z(l —v)

wu—v)y(v—u)
ys(u —v)
xo(u—v) y(u —v)

Ai(w)B(v) =z(v —u)Bi(v)A;(u) —

Bi(u)A(v)
x2(v

z(u —v)

w(u —v)
ys(u —v)
X2 (u — v)

Ay(u)B(v) = ¢

Bi(v)Ax(u) —

B>(v)Cy(u)

— &

Bi(u)Ax(v) +

+

o BA©

x2(u — v)

x3(u —v)

xs5(u —v)
+

Az(u)B(v) = Bi(v)Asz(u) —

- U)Bs(M)Az(U)

BaCa) -

Ba(u)C3(v)
x3(u —v)

where we use the following notation:

_x(w) _ xp(u)xs(u)
= o) =c¢
X (u) X3 (u)xq(u) — xe(u)ye(u)
_ x3(u) (—u) = x3(u)xq(u) — x6(u)ye(u)
e (1) x7(u) ye () — x3(u)x6(u)
The action of the transfer matrix 7 () in this state W (v) gives us

T()W(v) = (A1(u) +eAx(u) + Az(u))
= |:z(v — u)va(u) +e2 w=v) »

X (u)+x2(u—v)
_|:x5(v—u) N

oW —v) 2 x3(u — v)
N () 422 D oy (u)} Bi(u)|0)
X2 (v —u)

z(u)

y(u)

Xp(u —v)
xy (m)] B3(u)|0).

1 N
e [y(u —y -

Then the eigenvalue has the form

y(u —v)

z(u — v)

N
w(u — v)x2 () +

Ay(u,v) = [z(u —u)x (u) + &
x3(u —

and the Bethe equations have the form
N
(Xl(l})> — 2
x2(v)
where we use the identity

xs() _ys(=w
xa(u) xa(—u)’

By (u)C1(v)

Xo(u —v

)

v)

(59)

(60)

(61)

(62)

xév(u)} W (v)

(63)
xy (u)} (64)

(65)

The next step is to define the two-particle state and for this we can use the fundamental

relation (47) where we will have

Bi(u)Bi(v) = w(v —u) |:BI(U)BI(M) - BZ(U)AI(u):| +

1
y(v —u)

1
y(u —v)

By(u)A(v).

(66)
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It is easy to observe that (66) satisfies the condition

Vs (v2, v1) = @ (v — v2)Wa(vy, v2). (67)
This gives us the definition for the two-particle state W, (v,, v;) as

1
Wy (vi, v2) = Bi(v1)B1(v2)|0) — —————— B2(v1)A1(v2)]0). (68)
y(vr —v2)
To study the action of the transfer matrix t(x) in this state we will need some more
commuting relations:

_ e =2 x7(p — 1) Yo —4)
Ai(M)By(p) = Y By(W)Ai(h) — Py By(M)A () x3(M )\)BI(A)BI(M)
As(M)Ba(u) = z(A — wz(u — A) Ba(u) Az(A)

5 — 1) s — 1)
o= ) [31(?»)32(11) —eB3(M)Bi (1) + —(A )Bz(A)Az(M)}
A 0B = 24T By as) — 5T By Asw) — —— By B ()
x3(A — ) X3(h — ) y(L — 1)
Ci(M)Bi(n) = eBi(w)Ci (1) + % [A1()Ar (M) — A (M) Az ()]
C0Biw) = e 2B g s — 4T gy es
X3()x ) 3)()L )
1
+ —————[A1(WA3(A) — As(AM) Az ()] + MBz(,U«)Cz()»)Bl()»)
Y — ) x3(A — )
Bi(A\)By(p) = ¥BZ(M)B1 () + MBl(M)Bz()»)
zZ(L — ) X1 (A — )
Bi(M)B3(n) = e B3 () B (A) — MBz(M)Az(K) + MBz()»)Az(M)
X2 (A — ) x2 (A — )
_ 1 xs(A — )
By(M) B () = mBI(M)Bz()t) + ﬁBZ( W) B ().
In this state we will have the eigenstate as
Aalit, o1, 1) = 200)z ) ) + 2 ) S0 | B0 B0 g
w(vo1) w(vo2) x3(vor) x3(vo2)
and the Bethe equations have the form
N
<X1(Ua)> _ 82Z(vab)a)(vba) atb=12 (70)
x2(va) 2(Vpa)

where v, = v, — vp,a #b =0,1,2, and up = u.
Proceeding with the method we will find that for the n-particle state the eigenvalue has
the form [24]

M

(u — xo(u —
Ay =x1@" [z —uw) + " @ = + x3G0)" (71)
}:[1 }:[1 o — l_[ x3(u — ua)
and the Bethe equations
x1(uq) M+ Z(ug — up) _ _
(xz(ua)) ]_[ e ua)a)(ub ug) a=1,2,..., M. (72)

b#a=1
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Many of the relations found in this section will be used in the next section with reflection
condition. It is important to observe that the method for the resolution of the eigenvalue
problem is the same, but we will have some more complex relations because in the case with
reflection condition we will lose the translational invariance.

4. Algebraic Bethe ansatz with reflection condition

To begin to study the case with reflection condition we need the so-called reflection

equation (5)

Riz(u —v)K1(@)Ra1 (u + v) K2 (v) = K2(0)Ria(u + v) Ky (u)Ray (u — v). (73)
Assuming that K («) is a solution of the reflection equation (73) we can define the double-

row monodromy matrix as

Uw) =Tw)K~ )T (—u). (74)
For the algebraic BA with reflection matrices, the fundamental relation has the form
Riz(u — v)Ui(u) Ry (u + v)Uz(v) = U2(v) Riz(u + v)Uy (u) Roy (u — v). (75)
From (1) and (75) we can define the transfer matrix as
t(u) = tr K*U (u). (76)

In section 2 we write the diagonal solutions of (73) for the 19-vertex models and the form
of the K~ (u) and K*(u) was also presented.
From (2) we can define the 7' (—u) monodromy matrix as

T (=u) = Ly o WLy-1a) ... L1qW)
that has a similar form to (50)
Ai(u) Bi(u) Ba(u)
T7'(=uw) = | Ciw) Ax@) Bsw)
Ca(u) Cs(u) As(u)
It is very easy to show that each entry of 7~!(—u) acts in the local vacuum in a form
similar to that of the matrix 7 (u):
A@)|0) = x'@]0)  Aw)]0) = x)' @)0)  A3w)|0) = x5 )[0)
Ci(w)]0) =0
B;(u)|0) #0 i=1,2,3.
We can now write (74) as
Ai(u)  Bi(u) Ba(u)
Uw) =TwK T (—u) = | Ciw)  Ax(u) Bs(u) (77)
Co(u)  Ci(u)  As(u)
where each of the entries of (77) has the form
Aj(u) = ki Ai(u) A1 () + ki By () C 1 (u) + ki3 Bo(u)Ca (1)
A>(u) = ki, C1(u) By () + ki As(u) Az () + k33 B3 (u) C3(u)
Az(u) = ki Co(u) By (u) + kyy C3(u) B3 () + k3 A3 (u) A3 (u)
Bi(u) = ki A1) By (u) + k3 By () Ay (u) + ki3 Ba(u) C3 ()
By (u) = kiy A1 (u) B (u) + kyy By (1) B3 (u) + ki3 By (u) A3 (u)
B (u) = ki, C1(u) B (u) + kyp As (1) B3 (u) + ki3 B3 (u) A3 (u)
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Ci(u) = ki Cr(u) Ay (u) + ki A>(u)C 1 (u) + ki3 B3 (u)Ca (u)
Co(u) = ki, Co(u) Ay (u) + k3 C3(u)Cy (u) + k33 A3(u)Co(u)
C3(u) = ki; Co(u) By (u) + k3 C3(u) As () + k33 A3 (u)C3(u).
To study how the entries of the double-row monodromy matrix (74) act in the local

vacuum we need to use the graded YB equation (43) where we can rewrite the equation in the
form

T, () Rip(u — )Ty () = Ti@) Ria(u — )Ty ' (v) (78)

where ) =1 @ T, T, = T ® I and I represents the 3 x 3 identity matrix. If in the relations
generated in (78) we put v = —u, we will get a set of commuting relations between the entries
of the T (1) and T~ (x) monodromy matrices. For example,

2u) — 2
55 ) A ) + 22
x1(2u) x1(2u)

With these relations we can reorder the operators (77) and it is now possible to show that
they act in the local vacuum |0) in the form
Ai@)0) =¥ @[0)  A@)]0) =Y @)[0)  As@)]0) = 23" @)|0)
Ci(w)|0) =0
Bi(u)]0) # 0 i=1,2,3.

Other useful information that we can obtain from (78) is the possibility of rewriting the
diagonal operators 4; (#) in a form that will let us rewrite the commuting relation only with
one wanted term (i.e. only with terms of type Bj(v).A;(u)) and this fact will simplify the

execution of the algebraic Bethe ansatz.
Then, from now on, we will define the diagonal operators as

Ci(u)Bi(u) = — Ar(w)A;(u).

Ay() = Ay (u)
~ 2
MW=MW—£&%WO
ysQu)x1 2u) — y7Qu)xs(2u) ~ y7Q2u)

As(u) = As(u) + Ax) = 5 S A @)

¥5(2u) x5 (2u) — ex4(2u)x1 (2u)
or in a more compact form
Ar(u) = Ai(u)
Ar(u) = Ap(u) + Ty Ay (u) (79)
As(u) = As(u) + TaAr (u) + T3 A (1)

where
_n@u L yCu
' Tomw
_ ysQCu)xy Qu) — y7(2u)xs(2u)
T ysQu)xsQu) — ex4Qu)xi (2u)
We will write the action of the diagonal operators (79) in the local vacuum as
A1 (w)|0) = Ay(u)|0) A>(u)[0) = Ax()|0)
A3()[0) = A3(w)[0).
In all the following relations we will use the diagonal operators as written in (79).
As in the case with a periodic boundary condition, we can define the one-particle state as

Vi (v) = B (v)]0).

(80)
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Now the transfer matrix has the form (9)
T(u) = ki; () Ay (u) + k3, () Az (u) + k33 (u) Az ().
But from (79) we have

T(u) =k}, () Ay (u) + ek () (Aa () — Ty A (1)) + ki3 () (A3 () — TaAy(u) — T3A ()
= (K}, () + k3, )Ty — k33T3) Ay (u) + (ekdy () — ki(u) — T'2) Ag(u) + ki3 (u) Az (u)

or in a more compact notation [27]
T(u) = wi A (u) + wiAy(u) + wiAs(u). (81)

To study the action of the transfer matrix (81) in the one-particle state V| (v) we will need
the following relation (note that in the case of a one-particle state we will not need the terms
B>(u)C;(v), but they will be necessary in the study of states with more particles).

It is important to note that it is straightforward to obtain the commutation relation, because
it is necessary to use in many cases two or more relations from (75) and also to redefine
the diagonal operators from the relations obtained before. After some tedious algebraic
manipulation this construction gives very complicate coefficients for the commutation
relations

h(-) xs(—) x5(+)
Ai(u)B;(v) = mBl(U)Al(u) + <Z(+)x2(_) - ﬂ1x1(+)
M) g W) + 62 g wyenw
x1(+) x1(+)
50 g o)+ 25D g e )
x1(+) x1(+H)x2(—)
1 (x5(+> R )
220 \xi(+) x4 y(+)
L350 (F X x5
o U@ nE)

| Rexs () (n - ys“) Ba(w)er(v)

x1(+)x2(—) x2(—)
x5(—) <F x3(—=)
o)\ a-)
(F x5(+) I ys(—)

1 +
xi(+) o) x(-)

)Bl(u)Al(U)

Ay (u) By (v) =

)BI(M)AI(U)

) B> (u)C5(v)

+

- 1) B>(v)Cy(u)

) By (1) A5 (v)

1 ys(—) 12(+) ~
z2(2v) x2(—) Baw)dr () + w(—) Bi()A> ()
1 ys(H)x7(+)  xs5(+) x6(+) -
+ w(—) (X2(+)xl(+) - x2(+)) B> (v)Cs(u) — 8x2(+) B3 (u)As(v).

And the last diagonal operator A3(u) has a more complicated coefficient:

A3(u)Bi(v) = f1B1(v)As(u) + f2B3(u) Az (v) + f3B3(u) Ay (v) + f2B)(u)Az(v)
+ fsBi(u)A; (v) + fsBa(u)C3(v) + f7By(u)Cy (v)



9440 W Utiel

where

x2(—)

B B yeH)xs()

h=20C )<x3(+) x3(+>x2(+>>

<x2(+) y6(+)x6(+)> X6 (+)
. 2 + 8F2—
y(=) \x3(+) x3(H)x2(+) X2 (+)
_ Xe(+) ( ~ Ye()xe(= )) T, <x6(_)x3(+) . F](ZU)X6(+))
) x3(—) x3(=)x2(+) X2 (+)
y5(=) Y6(—)ye(+) y7(=)
= — — l
f=tO00 ( 8x3(—)x3(+)) o'
_ ys(9) (=) ys(as(=) ) ys(o) B
L= [x1(+> (w(—) (=) ) P )’3‘}
y7(H)x2(+) <y5(—)h(—) _ y7(—)x5(—)>
x3(+H)x1(+) x3(—) x3(=)x2(—)
Y6(+)ys(+) |:_8y6(_) (h(—) Cs()as(=) xz(—))}
x3(+)x1(+) x3(=) \w(=)  x2(=)xi(=)  x3(-)
fo=T, |:y5(—)y5(+) <X7(+) N F3)} ) <y7(—) _ 8)’6(_))’5(_))76(+))
X (=)x2(+) \x1(+) 3(—) x3(=)x2(—)x3(+)
= F2X6(+))’5(+) (;(—) ve ys5(—=)xs5(— )) r, x5(—)xg(+)
x1(H)x2(+) \w(-) x3(—) X (—)xa(+)
and we introduce the new functions
By — x3(u) — xs(u)ys(u) ) = y7(u)xs(u) — ys(u)xy (u)
x1(u)xz(u) x1(u)x3(u)
s ()xs(u) — exy (u)xa(u)
t(u) =
x1(u)xo (1)
For the one-particle state we have the eigenvalue
oy h(=) 2( +) xz(—) x2(+) Ve (+)x6(+)
e A v <x3(+) _8x3(+>x2<+)> At

and the Bethe equations in the form

(Al ) )” _
As(v) '
To study the two-particle state W, (v, v) we need first to define this state, and for this we
will use the fundamental relation (75) where we can find the form for W, (v;, vy) as
X6 (+) X6(—)x3(+)
Wy (vr, v2) = Bi(v)Bi(v2) +¢ By(v1)Az(v2) — e —————Ba(v1) A1 (v2)
X2(+) x3(—=)x2(+)
where we will use the following notation from here x;(—) = x;(u — v), X;(—) = x;(v — u)
and x; (+) = x; (u +v).
As in the case of the periodic boundary condition, this state satisfies the important relation

W) (v2, v1) = w(v — v2)Wa(vr, V)

where w(v; — vp) is the same function defined in the periodic boundary condition (62).
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To study the action of the transfer matrix in the two-particle state it is useful to have some
new relations:

_xs(4) ys(=) Xs(=) ~
Ci(u)B(v) = ey <1 - lez(—)> Aj(u)A;(v) + 502 Ay(V) A (u)
+Ty ) (M) A AW + 2 B w)cyw)
X2(—)x1(+) x1(+)
x5(—=)xe(+) xs5(+)
+8m33(v)cl(u) e )Bz(v)Cz(u)
¥s(—=)xg(+) x7(+)
—8m33( u)Ci(v) — o+ )BS(M)Cs(U)
xs§+;A2(M)A2(U) Iy Qu) 52 ;Al(M)Az(U)
C3(u)Bi(v) = sf (+) ( 6E ; + )yczg:;) B3 (v)C3(u) +8i4(:)f(+)B3(u)C3(v)
X4(=)ys5(+)x4(+) x4(=)  ye(—)
—m Bi(u )CI(U)‘H("')( o) +¢ (_))Bl(u)Cl(v)
)’6( ) Y6(—) x4(—) ~
t(+)B1(v)Ci(u )— Bi(u)C3(v) +1(+) As(u) Ay (v)
X3( ) x6(—) x6(—)
x4(=)ys(+)x5(+) x4(=)  ys(—)
 rmhx (r) 2 ) (m—) Tx (—)> BwGw
xﬁ( ) ~ X6(—)x3(+) X6(+) \ ~
- P )A3(M)A2(U)+ (m I'(2v) ot ))A3(M)A1(U)
By (u) B (v) = (x5(+) 2 5(+)y7(+)) By(v) B ()
() x3(H)x(+)
6( ) xs5(—=)x3(+)
TG )Bz(M)B3( v) + mBz(M)BI(U)'

For this state we have the eigenvalues given as
ot (xs(u—v)ys(u —v) | xo(u— i)
Ao(u, vy, v12) = wj
xp(u+vy) \x1(u—v)xa(u —vy)  x1(u—vy)
Xo(u +v2) (xs(u —v)ys(u —v2)  xp(u — vz))]
X + A (u)
xi(w+v2) \x1(u —v2)xo(u —v2)  x1(u—v2)
- [Z(u —vy) (M(u +u) 8)’5(” +vp)xs(u + Ul))
2 w(u —vy) \x2(u+vy) Xo(u +v)x(u+vy)
z(u — v2) <X4(M +v) . ys(u + v2)xs5(u +v2) >_
w(u —vy) \x2(u +vy) Xo(u+v2)x1(u+v2)/ |
Wt x2(u —vy) (xz(u +v)  ye(u +vi)xe(u + Ul))
P L —v) \ s +vy) x3(u + v)xa(u +vy)

IOl (xz(u +v2)  ye(u +vo)xe(u + vz)>'
x3(u —v) \x3(u+v2)  x3(u+v)xa(u+v2)/ |

As(u)

As(u)
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and the Bethe equations

(Alw,-))” _ _Ew_f{ < xi(-) )
Ar(v;) wi | \x3(—)x3(+)
((x4<—)x3(—) — X6(—v;)y6(—))
(x2(=)x2(—=) — x5(=)ys(—))

(ey5(+)xs(+) — x4(+)x; (+))) }

X (=) = xp (v; — vj) Xe(+) = x; (v +vj) i#j=12.
Proceeding with the constructive method we will find that for a general n-particle state
W, (vy, va, ..., v,) we have for the eigenvalues:

n

771020 (5()ys(=) x(-)
A = A
N G (n(—)m(—) ’ m(—)) 1)

+8n+1w3—1_[ z(—) <X4(+) B 8y5(+)x5(+)> An(ut)
i=1

i=1

= w(=) \x2(+) X2 (H)x1 (+)
+ 1) [(x(+) Yo (+)x6(+)
o ,1:! x3(=) <x3(+) - 8x3(+)x2(+)> As(u). 2)

And the Bethe equations can be written as

A\ {(m(—))
(AM)) - H wi |\ s
J#i
» ((x4(—)x3(—) — x6(=)y6(—)) (8,V5(+)x5(+) —x4(+)x1(+)))}

(x2(=)x2(—=) — x5(=)ys(—)) Xo(+)x2(+)

(83)
i=1,...,n.

It is important to note that the mapping between the 19-vertex models presented in
section 2 can be very useful to obtain one solution from the others.

5. Spin one chains derived from 19-vertex models

In [32] quantum spin chains of spin one derived from the 19-vertex models were classified.
One of these models is the ZF model (solution 10 for the trigonometric version and
solution 7 for the rational version), another is the su (3)-invariant model [33] that was obtained
in [34] (solution 4). Solution 7 was obtained in [35, 36]. Solution 5 appears in [37] and
solution 6 in [38]. Solutions 2, 3, 8 and 9 were new. From these new solutions we have
solvable —J models (solutions 1-4) as special cases. The following tables give the classified
solutions (in the tables we have that A, O, C are arbitrary constants and v = e, i, = *1,
a?+a—1=0,b>—(@—1)/b—(a—1)7?=0):

Vertex weight — #1 #2 #3

x1(u) eAu cosh(u) + cosh(n) sinh(u)  cosh(u) + cosh(n) sinh(u)
xp(u) 0 sinh(u) sinh(n) sinh(u) sinh(n)

x3(u) 0 0 0

x4 (1) e%  cosh(u) + cosh(n) sinh(u)  cosh(u) — cosh(n) sinh(u)
x5(u) 1 1 1

x6 (1) 0 0 0

x7(u) eCu cosh(u) + cosh(n) sinh(u)  cosh(u) + cosh(n) sinh(u)
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and

#4 #5 #6 #7 #3 #9

L+in 1 1 L+ 3u+du® fv@d—0?) v

isu 0 0 i(—u+u? 0 0

. (a—1)(1—e") el 421 1 2 ) 4 P

Lot li(c1+b71)e" 3ot 7 (u+u”) —sv(l —=v%) - vg(lisfi\fsu‘t)
2

L+isu  1+b bre'  1-tu+li2 3 3l 2 72 )
13U e U+ Su > v(71+¥v4)
1 1 1 1—u 1 —vh 1
12
1 +b +b i +222(1 — vt i(‘*f) v.b
1 1+b b+et 1 @ +vh b+ %

The weights of solution 10 are the trigonometric Fadeev—Zamolodchikov model as
described in session 2.

From these models one special model, the su(3)-spin model, was studied in detail in [39].
In [40] the model was studied using the so-called thermodynamic Bethe ansatz, the model can
be obtained as a limit, n — 0, of the A% model (Izergin—Korepin model). The model was also
studied with the nested Bethe ansatz formalism in [41] and with the functional Bethe ansatz
in [42] (a extension of this work using the fusion techniques for all A} | models was studied
in [43]).

In special interest we have studied this model with boundary conditions. In [43], Doikou
solved the model with the fusion technique and with the functional Bethe ansatz approach.

The su(3)-invariant spin model is defined by the R (u)-matrix

R)j jj=u+n
RW)jkjx =u JFk
RW)jrrj =n jFk
1< jk<3.

This model is a 15-vertex model, and as noted before, it can be obtained as a special limit
of the Izergin—Korepin model and corresponds to the solution 4 of the above table. In [43] the
Bethe equations obtained have the form

v; +n W 21),‘—1/1
v, —n 2ui+n

n
_ l_[ vV =V —n v‘,‘—vi+2n Vj+v; —n v‘,~+v,~+2n
vitvi+n ) \v;—v;i—2n) \vj+vi+n ) \vj+v—2n/)"

i#j=1

The main problem in solving this model (with this R(u)-matrix) with the approach used
in this paper resides in the fact that the simplicity of the R (u)-matrix causes the loss of many
relations obtained in the reflection equations (75), and in special case we lost the commutation
relation between B;(u)B;(v) and this relation is fundamental to the method used here (from
this relation we derived the exact form of the two-state function W, (u, u;)). Many of the
commutation relations were obtained as a combination of two or more relations from (75).
Then with the loss of many relations it is not possible to obtain the correct expression for the
commutation relation.
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This model can be solved by using instead the so-called nested Bethe ansatz [39]. In this
approach we define the reference state for some of the elementary operators, and in a second
stage define another reference state for the other elementary operators. With a combination
of these reference states we can find a general state for the transfer matrix. Some problems in
solving this model occur with all 7~/ models too (see, for example, [45] for the solution of the
15-vertex s/(2|1) model).

We can instead study the rational limit of the IK model using the R(x)-matrix presented
in this paper or the gauge version presented in [27]. In this case, the entries of the R (#)-matrix
have the form

x1(u) =u+5n Xo(u) = —u —3n x3(u) =u+n x4(u) = —u —3n

xs(u) = ys(u) = 3n xe(u) = yo(u) = 2nl x7(u) = y7(u) = 4n.

We can write the reflection matrix as

10 0 —e¥ 0 0
K-w=1[0 33 0 and M= 0 1 0
0 0 1 0 0 —e

Using (84) we have that the Bethe equations have the form
v +n N 20, +n
v, —n 2v; —n

n
_ l—[ vV, —Vv —n vj—v,-+2n vV;+v; —n vj+vi+2n
vi—vi+n)\v;—v;—2n)\vj+vi+n ) \vj+v;,—2n)"

i#j=1

Solutions 5-9 can also be solved with the construction presented in this paper. Solution 10
as noted before is the ZF model and is solved too. The reflection matrices, K (1), will be the
limits of the matrices presented in section 2 and in [42, 43].

Solutions 1-4 have the problem that they represent z—J models and we need to use the
nested Bethe ansatz. A possibility is to try a reformulation of the Boltzmann weights as in the
cases noted in section 2 (IK model), to study the models with nested structure (+—/ models) in
a no-nests context. If this is possible we can rewrite the R(x)-matrix in a more appropriate
form preserving the commutation relations necessary to execute the programme.

6. Conclusion

The main goal of this paper was to generalize the work of Fan in [27], based on the IK model,
to all 19-vertex models. Instead, to use a particular choice of the K (u)-matrix as in [27] we
give a formulation for all possible diagonal reflection matrices. The results were also given in
a general form because it is our intention to study these models in the context of the off-shell
Bethe ansatz [8], where in the semi-classical limit we have the possibility of computing exactly
the n-point correlators (see, for example, [46] for the use of this approach in the osp(1]2)
model with periodic boundary condition).

The use of the analytical Bethe ansatz [42-44] and coordinate Bethe ansatz [47] for
diagonal K-matrices gives many useful results about the integrable models with boundary
conditions. A natural extension of these works is the possibility of studying solutions with
non-diagonal K-matrices [48].
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Appendix. The IK model

In this appendix we will use our formulation to generate all the results presented in [27].
To obtain the results found in this appendix it is necessary to work with many trigonometric
relations and it is useful to use the relations between the quotients of amplitudes found in [49]
(the use of mathematical software is also recommended).

It is important to note that using the mapping presented in section 2 between the models
IK and osp(1]2) it is very easy to obtain the solution of the osp(1|2)-model from the results
obtained in the appendix for the IK model.

We first need to define the amplitudes of the IK model as they appear in [27]:

x1(u) = sin(u + 2n) sin(u + 3n) x> (1) = —sin(u) sin(u + 3n)

x3(u) = sin(u) sin(u + n)

Xx4(u) = —sin(u) sin(u + 3n) + sin(2n) sin(3n)
xs5(u) = ys(u) = sin(2n) sin(u + 3n) (34)
x6(u) = —ie 2" sin(2n) sin(u) ye (1) = ie™" sin(2n) sin(u)

x7(u) = sin(u + 2n) sin(u + 3n) — e " sin(u) sin(u + n)
y7 (1) = sin(u + 2n) sin(u + 3n) — ¥ sin(u) sin(u + n).
The diagonal K (u)-matrix has the form
(3
sin(2n —u
K (u) = diag (1, # 1)

N (En + Lt) '

and the M-matrix

_iei4n 0 0
M = 0 1 0 . (85)
0 0 —ie ™"
Using amplitudes (84) we can write the diagonal operators (79) as
~ sin(2n)
Ay(u) = Ar(u) — —————A;(u)

sin(2u + 2n)
sin(2n)
sin(2u + 4n)

As(u) = As(u) +ie*”

Aou) — (1 _ gn sin(2n) sin(2u) sin(2u + n)) A)

sin(2u + 2n) sin(2u + 3n)
The action of these operators in the local vacuum (80) gives us the eigenvalue
Ar(u) = xV

sin(2u) sin(u + 1n)

Ar(u) = — N
2(u) sin(3n +u) sin(2u +2n)
i 2 8in(2u) cosh(u + 3n)sin(u + 1n
A3(M)=e4 ( 2 ) ( 2 ) 32N'

sin(2u + 4n) sin(2u + 3n)
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We can write the transfer matrix (81) as (¢ = 1)

2 cos(u + 4n) sin(2u + 6n) sin(u + 3n)

T(u) = Aq(u)

sin(2u + 2n) sin(2u + 3n)

sin(2u + 6n) sin(u + 2n) ~ o~
( LLCAS O ARERT A0

sin(u + 3n) sin(2u + 4n)

where we use (85) to write the K*(u) in the form (7)

iei4n 0 0
sinh(u+3n
K+(u) = 0 sinhguign; 0
0 0 ie 714

Inserting the amplitudes in the commuting relation for the diagonal operators we will
have the relations presented in [27] (in the original paper there were only the relations for the
A;(u) By (v)). For example,

sin(u — v) sin(u + v)

A1(u)B(v) = — - Bi(v)A1(u)
sin(u — v) sin(u + v + 2n)
sin(2n) sin(2v) B N sin(2n) B q
SinGr — v) sin@o + 2m) D A ) = v oy B A2 ).

Note that the commuting relations as presented in [27] are incomplete (the terms of type
B;(u)C;(v) vanish when applied in the local vacuum |0) then they were not written in the
relations, but these terms are necessary for the study of two or more particle states).

The form of the eigenvalue (82) is

sin(u — v; — 2n) sin(u + v;)

A=wiaw]]
i=1

sin(u — v;) sin(u + v; +2n)

> Ao (u) esin(u — v; — n) sin(u — v; + 2n) sin(u + v; +n) sin(u + v; +4n)
2 o sin(u — v;) sin(u — v; + 2n) sin(u + v; + 3n)

n
+wiAs) [ ]
i=1

sin(u — v; + 3n) sin(u + v; + 5n)

sin(u — v; +n) sin(u + v; + 3n)

and the Bethe equations (84) have the form

(Al(vi) )” - l_[ sin(v; — v; — n) sin(v; — v; +2n) sin(v; + v; — n) sin(v; + v; +2n)
Ax(v;) .

sin(v; — v; — 2n) sin(v; — v; +n) sin(v; +v; — 2n) sin(v; +v; +n)
J#L
i=1,...,n

References

[1] Baxter R J 1982 Exactly Solved Models in Statistical Mechanics (London: Academic)

[2] Korepin V E, Izergin A G and Bogoliubov N M 1992 Quantum Inverse Scattering Method and Correlation
Functions (Cambridge: Cambridge University Press)

[3] Abdalla E, Abdalla M C B and Rothe K 2001 Nonperturbative Methods in Two-Dimensional Quantum Field
Theory 2nd edn (Singapore: World Scientific)

[4] Bethe H A 1931 Z. Phys. 71 205

[5] Faddeev L D and Takhtajan L A 1979 Usp. Mat. Nauk 34 13

[6] Virchirko V I and Reshetikhin N Yu 1983 Theor. Math. Phys. 56 805

[7]1 Korepin V E 1982 Commun. Math. Phys. 94 67-113



Algebraic Bethe ansatz for 19-vertex models with reflection conditions 9447

[8]
[9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
(18]

[19]
[20]
(21]
[22]
(23]
[24]
[25]
[26]
[27]
[28]
[29]

[30]
(31]
[32]
(33]
[34]
(35]
[36]

[37]
(38]
[39]

[40]
(41]
[42]

[43]

[44]
[45]
[46]
[47]
[48]
[49]

Babujian H M and Flume R 1994 Mod. Phys. Lett. A 9 2029

Korepin V E and Essler F H L 1994 Exactly Solvable Models of Strongly Correlated Electrons (Singapore:
World Scientific)

Kulish P P and Sklyanin E K 1980 Zap. Nauchn. Semin. LOMI 95 129

Cherednik I V 1984 Theor. Math. Phys. 61 977

Sklyanin E K 1988 J. Phys. A: Math. Gen. 21 2375

Alcaraz F C, Barber M N, Batchelor M T, Baxter R J and Quispel G R W 1987 J. Phys. A: Math. Gen. 20 6397

Mezincescu L and Nepomechie R 11991 J. Phys. A: Math. Gen. 24 L17

Zamolodchikov A B and Fateev A V 1980 Sov. J. Nucl. Phys. 32 298

Izergin A G and Korepin V E 1981 Commun. Math. Phys. 79 303

Bazhanov V V and Schadrikov A G 1989 Theor. Math. Phys. 73 1302

Fan H and Wadati M 2000 Integrable boundary impurities in the 7~/ model with different gradings Preprint
cond-mat/0008429

Mezincescu L, Nepomechie R I and Rittenberg V 1990 Phys. Lett. B 147 5657

Kulish P P, Reshetikhin N Y and Sklyanin E K 1981 Lett. Math. Phys. 5 393

Yung C M and Batchelor M T 1995 Nucl. Phys. B 435 430

Mezincescu L and Nepomechie R I 1991 Int. J. Mod. Phys. A 6 5231

Mezincescu L and Nepomechie R I 1992 Nucl. Phys. B 372 597

Lima-Santos A 1999 J. Phys. A: Math. Gen. 32 1819

Nepomechie R 12000 J. Phys. A: Math. Gen. 33 L21

Martins M J 1995 Nucl. Phys. B 450 768

Fan H 1997 Nucl. Phys. B 488 409

Kulish P P and Sklyanin E K 1982 J. Sov. Math. 19 1596

Mezincescu L and Nepomechie R 1 1992 Quntum Field Theory, Statistic Mechanics, Quantum Group and
Topology ed T Curtright, L Mezincescu and R Nepomechie (Singapore: World Scientific)

Lima-Santos A 1999 Nucl. Phys. B 558 637

Saleur H and Wehefritz-Kaufmann B 2002 Nucl. Phys. B 628 407

Idzumi M, Tokihiro T and Arai M 1994 J. Phys. France 4 1151

Sutherland B 1982 Phys. Rev. B 12 479

Kulish P P and Reshetikhin N Yu 1981 Sov. Phys.—JETP 53 108

Takhtajan L A 1982 Phys. Lett. A 87 479

Babujian H M 1982 Phys. Lett A 90 317

Babujian H M 1983 Nucl. Phys. B 217

Kliimper A 1989 Europhys. Lett. 9 815

Klumper A 1990 J. Phys. A: Math. Gen. 23 809

Abad J and Rios M 1997 J. Phys. A: Math. Gen. 30 5887

Abad J and Rios M 1996 Phys. Rev. B 53 14000

Mezincescu L, Nepomechie R, Towsend P K and Tsvelik A M 1993 Nucl. Phys. B 406 681

de Vega HJ and Gonzalez-Ruiz A 1984 Nucl. Phys. B 417 553

Doikou A and Nepomechie R 1998 Nucl. Phys B 521 547

Doikou A and Nepomechie R 1999 Phys. Lett. B 462 121

Doikou A 2000 J. Phys. A: Math. Gen. 33 8797

Doikou A 2000 J. Phys. A: Math. Gen. 33 4755

Arnaudon D, Avan J, Crampé N, Doikou A, Frappat L and Ragoucy E 2003 Preprint QA /0304150

Foerster A and Karowski M 1993 Nucl. Phys. B 408 512

Lima-Santos A and Utiel W 2001 Nucl. Phys. B 600 512

Fireman E C, Lima-Santos A and Utiel W 2002 Nucl. Phys. B 626 435

Nepomechie R 12002 Nucl. Phys. B 622 615

Tarasov V O 1988 Theor. Math. Phys. 21 793



